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ABSTRACT

In this paper we investigate 3-total super sum cordial labeling
for union of some graphs. Suppose G = (V(6),E(G)) be a
graph with vertex set V(G) and edge set E(G). A vertex
labeling f:V(G) — {0,1,2}. For each edge uv assign the
label(f (W) + f(v))mod 3. The map f is called a 3-total
super sum cordial labeling if |f() — f()| < tfor
i,j €{0,1,2} where f(x) denotes the total number of vertices
and edges labeled with x = {0,1,2} and for each edge
uv, |f(w) — f(wv)| < 1. Any graph which satisfies 3-total
super sum cordial labeling is called 3-total super sum cordial
graphs. Here we prove some graphs like B, UP,, C, U
Cp, ky, m U kq,n are 3-total super sum cordial graphs.

Keywords
3-total super sum cordial labeling, 3-total super sum cordial
graphs.

1. INTRODUCTION

The graphs considered here are finite, undirected an simple.
The vertex set and edge set of a graph G are denoted by V(G)
and E(G) respectively. Graphs G;and G, have disjoint point
set V; and V, and edge sets E; and E, respectively. The union
of G; and G, is the graph G, UG, with V(G,UG,) =
V(G)UV(G,) and E(G;VUG,) =E(G)UE(G,). The
concept of sum cordial labeling of graph was introduced in [5]
and that of k-sum cordial labeling in [4]. The concept of 3-
total sum cordial labeling of a graph was introduced in [6].

Definition 1.1.:Let G be a graph. Let f be a map from V(G)to
{0,1,2}. For each edge wuv assign the label (f(u) +
JSv(mod 3). Then the map / is called 3-total sum cordial
labeling of G, if |f(i) — f()I| < 1: i,j €{0,1,2} where f(x)
denotes the total number of vertices and edges labeled with
x ={0,1,2}.

Definition 1.2.: A 3-total sum cordial labeling of a graph G is
called 3-total super sum cordial labeling if for each edge
uv |[f(w) — f(v)| < 1. A graph G is 3-total super sum cordial
if it admits 3-total super sum cordial labeling.

2. PRELIMINARIES

Theorem 2.1.: B,, U B, is 3-total super sum cordial.

Proof: Let B, be the path u,,u,, ... ,u,, and B, be the path
V1, Vg, e, Up

Case I: m = 0 (mod 3) and n = 0 (mod 3)
Letm = 3pandn = 3t

Assign
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Assistant Professor
Department of Mathematics, Medicaps Institute of
Science and Technology, Indore

fw) =0
fup) =1
flus) = 2
Define
fluzisa) = 1, 0<i<p-—1
fluziys) = 1; 0<i<p-1
fuzive) = 25 0<i<p-1
Assign
fl) =1
frn-1) =1
frn_z) = 2
Define

flrsiz) = 2; 0<i<t-—1
frsien) =1, 0<i<t-—1
frsies) = 2; 0<i<t-—1
Hence f is 3-total super sum cordial
Case Il: m = 0 (mod 3) andn = 1 (mod 3)
Letm = 3pandn = 3t+1

Define
fluziy) = 2, 0<i<p
flusiv2) = 2, 0<i<p
flusivez) =1, 0<i<p
Assign;
fn) =1
Define

fsiv) = 2; 0=i<t
f(rziv2) = 1, 0<i<t
f(vsivz) = 2; 0<i<t
Hence f is 3-total super sum cordial.
Case lll: m = 0 (mod 3) and n = 2 (mod 3)
Letm = 3pandn = 3t+2
Define:

fluziv) =25 0<i<p
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fluzisyz) =1, 0<i<p
flusivs) = 2, 0<i<p
Assign:
fo) =1
fp-1) = 2
Define:

f(rsip) =2, 0<i<t-—-1
f(rsivz) = 1, 0<i<t-1
f(usies) = 2; 0<i<t-—-1
Hence f is 3-total super sum cordial.
Case IV: m = 1 (mod 3) and n = 0 (mod 3)
Letm = 3p+1landn = 3t

Assign:
flum) =1
Define:
flusiv) = 25 0<i<p
flusiva) =1, 0<i<p
flusivs) = 25 0<i<p
Define:

f(vsis) = 2, 0=<i<t

f(rzip) = 2, 0=<i<t

f(v3iv3) =
Hence f is 3-total super sum cordial labeling.
Case V:m =1 (mod 3) and n = 1 (mod 3)
Letm = 3p+1landn = 3t+1

[u=y

; 0<i<t

Assign:
f(um) = 2

Define

fluziv) = 2 0<i<p

flugiez) = 1, 0<i<p

fusivs) = 2 0<i<p
Assign:

f(vn) =1

Define:

fsiva) = 2, 0<i<t
f(raier) = 1, 0<i<t

f(vaiez) = 2, 0<i<t
Hence f is 3-total super sum cordial labeling.
Case VI: m = 1 (mod 3) and n = 2 (mod 3)

Letm = 3p+1andn = 3t+2

Assign:
f(um) =1
Define:
fluzier) = 2 0<i<p
flusiz2) = 1 05f<p
flusizs) = 25 0<i<p
Assign:
f(vn) =1
fop_) = 2
Define:
f(U3i+1)= 2;, 0<i<t
f('l73i+2): 1, 0<i<t
f('l73i+3): 2;, 0<i<t

Hence f is 3-total super sum cordial labeling.

Case VII: m = 2 (mod 3) and n = 0 (mod 3)

Letm = 3p+2andn = 3t

Assign:
f(um) =1
fp—1) = 2
Define:
flusip) = 2, 0<i<p-—-1
f(U3L‘+2)=1; OSlSp_l
flusips) =2; 0<i<p-—-1
Define:
frsip) = 2, 0<i<t
f(rsip) =1, 0<i<t
fvsie3)=2; 0<i<t

Hence f is 3-total super sum cordial labeling.
Case VIII: m = 2 (mod 3) and n = 1 (mod 3)

Letm = 3p+2andn = 3t+1

Assign
f(um) =1
flup-1) = 2
Define
fluziz) = 2; 0<i<p-1
flugipz) =1, 0<i<p-1
fluzips) = 2; 0<i<p-1
Assign
f(vn) =1
Define

f(U3i+1) = 2; 0<i<t
f(V3i+2) =1 0<i<t
f(V3i+3) =2; 0<i<t

Hence f is 3-total super sum cordial labeling.

Case IX: m = 2 (mod 3),n = 2 (mod 3)

Letm = 3p+2andn = 3t+2

26
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Assign

Define:

Define:

Hence f is 3-total super sum cordial labeling.

Table 1: Vertex and edge conditions for 3-Total super sum
cordial labeling of p,,, U py,
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f(um) = f(vn) =1
f(um—l) = f(vn—l) =2

fuziv) = 2
fugipz) = 1
fusivz) = 2

]

]
]

f(v3i1) =

]

0<i<p
0<i<p
0<i<p

0<i<t
0<i<t
0<i<t

Case Vertex Condition Edge Condition F@) = v,(@) + (D)
m=3p & v(0) =1 e(0)=2p+2t—2 | f(0)=2p+2t—1
n=3t v (1) =2p+t (D=t f()=2p+2t
v(2)=p+2t—1 () =p+1 f@)=2p+2t
(m=3p & v:(0) =0 e(0) =2p+2t £(0)=2p+2t
n=3t+l)or | y () =p+t+1 () =p+t—1 f()=2p+2t
E]T;SP” & | y(=2p+2t e(2)=0 f@=2p+2t
(m=3p & v(0) =0 e(0)=2p+2t+1 fO=2p+2t+1
n=3t+2 )or v(D)=p+t+1 (M) =p+t—1 f)=2p+2t
E]ngpﬂ & | y@=2p+2t+1 | e(2)=0 fQR)=2p+2t+1
m=3p+1 & v(0) =0 e(0)=2p+2t+1 fO=2p+2t+1
n=3t+1 v(D=p+t+1 e(D=p+t—-1 f)=2p+2t
v(2)=2p+2t+1 | e(2)=0 fy=2p+2t+1
(m=3p+1& | v,(0)=0 e =2p+2t+2 | fO)=2p+2t+2
n=3t+2)or | () =p+t+2 () =p+t—1 f)=2p+2t+1
(M=3p+2& | y () =2p+2t+1 | e(2)=0 f@=2p+2t+1
n=3t+1)
m=3p+2 & v:(0) =0 e(0) =2p+2t+2 fO) =2p+2t+2
n=3t+2 v(D=p+t+2 () =p+t f)=2p+2t+2
v(2)=2p+2t+2 | e(2)=0 f@=2p+2t+2

Example 2.2.: A 3-Total super sum cordial labeling of

Ps U P,

Figure 1 :

P, U P,

Theorem 2.3.:k;, m U kq,n is 3-total super sum cordial.

Proof: Let V(k;,m) = {u,u;: 1 < i <m}and E(k,,m) =
{fuupl <i<m}andV(k,,n) ={v,vi:1<i<n}and
E(ky,n) ={vvi:1 <i<n}

Case I: m = 0 (mod 3),n = 0 (mod 3)

Letm =

Assign

Define

Assign

3pandn = 3t

Il
=

fw)

fuziv1) = 2;
f(uzis2) = 0;
fluziss) = 1

fw) =

0<i<p
0<i<p
0<i<p

1 f(Vn—z) =1
fn) = f(wp-q) =2

Define:
frzip) = 2 0<i<t—1
f(rzip2) =0, 0<i<t—1
flrgizza) =1, 0<i<t—1

Hence f is 3-total super sum cordial labeling.

Case Il: m = 0 (mod 3),n = 1 (mod 3)

Letm = 3pandn = 3t+1

Assign
fw =1
Define
fluziz) = 2, 0<i<p
fluziz) =0, 0<i<p
fluzizsd) =1, 0<i<p
Assign
fw) =1
f(vn) =2
Define
frsiz) = 2; 0<i<t
flrziz)=0; 0<i<t
flrsi3) =1, 0<i<t

Hence f is 3-total super sum cordial labeling.

Case Ill: m = 0 (mod 3), n = 2 (mod 3)

Letm = 3pandn = 3t+2

Assign
fw =1
Define
fusip)) = 2; 0<i<p
fluzipvz) = 0; 0<i<p
flusips) = 1; 0<i<p
Assign
fw) =1
fn) = f(vn_q) =2
Define:

f(rsiv) = 2; 0<i<t

frzie) = 0; 0<i<t

f(U3i+3)= 1, 0i<t
Hence f is 3-total super sum cordial labeling.
Case IV: m =1 (mod 3),n = 0 (mod 3)

Label k;,m as kq, n is labeled in case Il and label k,,n as
k1, m is labeled in case Il.

Hence f is 3-total super sum cordial labeling.
Case V:m =1 (mod 3),n =1 (mod 3)
Letm = 3p+1landn = 3t+1

Assign

fw =1
fQum)

I
N

27
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Define
flusivy) = 25 0<i<p
flusip2) = 0; 0<i<p
fluzips) =1, 0<i<p
Assign
fw) = 1
f(vn) =2
Define

frziz)= 2, 0<i<t

f(v3i+2)= 0, 0<i<t

flrsizs)=1; 0<i<t
Hence f is 3-total super sum cordial labeling.
Case VI: m =1 (mod 3),n = 2 (mod 3)

Letm = 3p+1landn = 3t+2

Assign
f =1
fup) = 2
Define
fluzip) = 2 0<i<p
fluzisz) = 0, 0<i<p
flusies) =1, 0<i<p
Assign
fw) =1
f(vn) =2
fp-1)=0
Define
frsiz)=2; 0<i<t
fr3i2)=0; 0<i<t
flrsizz) =1, 0<i<t

Hence f is 3-total super sum cordial labeling.
Case VII: m = 2 (mod 3), n = 0 (mod 3)

Label k;,m as k;, n is labeled in case Il and label k,,n as

k1, m is labeled in case Ill.
Hence f is 3-total super sum cordial labeling.

Case VIII: m = 2 (mod 3), n = 1 (mod 3)

Label k,,m as k,, n is labeled in case VI and label k;,n as

k1, m is labeled in case VI.
Hence f is 3-total super sum cordial labeling.
Case IX: m = 2 (mod 3),n = 2 (mod 3)

Letm = 3p+2andn = 3t+2

Assign
fw =1
f(um) = 2
f(um—l) =0

Define

flusis) =25 0<i<p

Assign

Define

Hence f is 3-total super sum cordial labeling.

2249-0868

fusisz) = 0<i<p
f(usirs) = 0<i<p

fw) =1

f(vn) =2

fn-) =1
f(Wsi41) = 0<i<t
fsiy2) = 0=<i<t
fsiy3) = 0=<i<t

Table 2: Vertex and edge conditions for 3-Total super sum
cordial labeling of k;,m U kq,n

Case Vertex Condition Edge Condition F@) =v,(@) + e, (D)
m=3p & v =p+t—1 e(0)=p+t+1 f0) =2p+2t
n=3t vy(D=p+t+2 e =p+t—1 f)=2p+2t+1
v(@=p+t+1 e =p+t f@)=2p+2t+1
(m=3p & v(0)=p+t e(0)=p+t+1 fO=2p+2t+1
n=3t+l)or | y (D) =p+t+2 (D) =p+t f()=2p+2t+2
E\m;S)pﬂ& v =p+t+1 e =p+t f@=2p+2t+1
(m=3p & v(0)=p+t e(0)=p+t+2 fO) =2p+2t+2
n=3t+2)or | y (D =p+t+2 (D) =p+t f()=2p+2t+2
gmggp‘&& v@)=p+t+2 e =p+t f@=2p+2t+2
m=3p+1l & v(0)=p+t e(0)=p+t+2 fO) =2p+2t+2
n=3t+1 v(D=p+t+2 (D) =p+t f()=2p+2t+2
v(@)=p+t+2 e =p+t fQ=2p+2t+2
(m=3p+1 & v =p+t+1 e(0)=p+t+2 fO=2p+2t+3
n=3t+2)or | p () =p+t+2 (M =p+t+1 fA)y=2p+2t+3
(M=3p+2& | y () =p+t+2 e =p+t f@)=2p+2t+2
n=3t+1)
m=3p+2 & v =p+t+1 e(0)=p+t+2 fO =2p+2t+3
n=3t+2 v(D)=p+t+3 (M =p+t+1 f)y=2p+2t+4
v(2)=p+t+2 e =p+t+1 fQ=2p+2t+3

Example 2.4.: A 3-total super sum cordial labeling of
ki,5Ukq,9.

Figure 2 :

k1,5 U ky,9

Theorem 2.5.: ¢;, U ¢, is 3-total super sum cordial.

Proof: Let c,, be the cycle uy, u,, ..., u;,, uy and c, be the

cycle vy, vy, ..

-rv‘nrvl

Case I: m = 0 (mod 3),n = 0 (mod 3)

Letm = 3pandn = 3t

Define

fluziz) = 25

0<i<p

28
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flusizn) =2, 0<i<p Assign
fluzips) =1, 0<i<p flw) =1
f(vsip) = 2, 0<i<t
f(rsiv) = 2; 0<i<t Define
f(U31+3)= 1, 0<i<t f(v3i+1)= 2; 0<i<t
f(v3i+2)= 1, 0<i<t
Hence f is 3-total super sum cordial labeling. flrsizs) = 2; 0<i<t

Case I1: m = 0 (mod 3), n = 1 (mod 3) Hence £ is 3-total super sum cordial labeling.

Letm = 3pandn = 3t+1 Case VI: m = 1 (mod 3) and n = 2 (mmod 3)
Define Letm = 3p+1andn = 3t+2
flzie) = 25 0<i<p _
fluziv) = 2; 0<i<p Assign
flusipz) =1, 0<i<p flum) =1
Assign Define
flo) =1 fluzip) = 2; 0<i<p
fluziy) = 2, 0<i<p
Define flusips) =1, 0<i<p
flugip) = 2, 0<i<t
f(rsiv) = 2, 0<i<t Assign
flrsips) =1, 0<i<t flr) = 1
f(vn—l) =2
Hence f is 3-total super sum cordial labeling.
o _ Define
Caselll: m=0 (mOd 3), n=2 (mod 3) f(g]3i+1))= 2; o<i<t
_ _ f173i+2:1; 0Sl<t
Letm = 3pandn = 3t+2 Fvasa) = 2; 0<i<t
Define . . .
. Hence f is 3-total super sum cordial labeling.
flugip) = 2; 0<i<p f P g
fluziyz) =2, 0<i<p Case VII: m = 2 (mod 3), n = 0 (mod 3)
i+3) =1, 0=<i<
fusivs tsP Letm = 3p+2andn = 3t
Assign fw) = 1 Label c,, as c, is labeled in case Il and Label c, as c,, is
"N labeled in case 111
fn_1) =2
Define Hence f is 3-total super sum cordial labeling.
faiv) = 2, 0<i<t Case VIII: m = 2 (mod 3), n = 1 (mod 3)
f(U3i+2) =1, 0<i<t
frsiz) = 2, 0<i<t Letm = 3p+2andn = 3t+1
Hence f is 3-total super sum cordial labeling. Label ¢, as ¢, is labeled in case VI and Label c, as ¢, is

labeled in case VI
Case IV: m = 1 (mod 3) and n = 0 (mod 3) !

Hence f is 3-total super sum cordial labeling.
Letm = 3p+1andn = 3¢ f P g

Case IX: m = 2 (mod 3),n = 2 (mod 3)
Label c,, as c, is labeled in case 1l and Label c¢,, as c,, is

labeled in case Il Letm = 3p+2andn = 3t+2
Hence f is 3-total super sum cordial labeling. Assign
=1
Case V:m = 1 (mod 3) and n = 1 (mod 3) f(];(”’"g _
m-1/ —
Letm = 3p+1landn = 3t+1 Define
. fluziy) = 25 0<i<p
Assign fu) =1 fluziy)=1; 0<i<p
m f(U3L'+3 = 2, 0<i< p
Define Assign
fuzie) = 2 OSi.<p flw) =2
f(u3i+2)=2§ 0<i<p f(vn)=2
fluziez) =1, 0<i<p nt
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Define
frsip) = 2, 0<i<t
f(rsip) = 2, 0<i<t
flrsizs)=1; 0<i<t

Hence f is 3-total super sum cordial labeling.

Table 3: Vertex and edge conditions for 3-Total super sum
cordial labeling of c,, U ¢,

Case Vertex Condition Edge Condition F@) = vp(@) + (D)
m=3p & v:(0) =0 e;(0) = 2p + 2t f(0)=2p+2t
n=3t v () =p+t e(D=p+t f)=2p+2t
v(2) =2p+2t e(2)=0 f@)=2p+2t
(m=3p & v(0) =0 e;(0) =2p + 2t fO)=2p+2t
n=3t+1) or v(D)=p+t+1 (M) =p+t f)=2p+2t+1
gT;3p+1 & | y@=2p+2¢ e(2)=1 f@=2p+2t+1
(m=3p & v(0) =0 e(0) =2p+2t+2 fO) =2p+2t+2
n=3t+2 )or v(D)=p+t+1 (M) =p+t f)=2p+2t+1
E‘T;Spﬂ& v(2)=2p+2t+1 | e(2)=0 f@=2p+2t+1
m=3p+1 & v(0) =0 e(0) =2p+2t+2 fO)=2p+2t+2
n=3t+1 v(D=p+t+2 e(D=p+t-1 f)=2p+2t+1
v (2)=2p+2t e(2) =1 f)=2p+2t+1
(m=3p+1 & v:(0) =0 e(0) =2p+2t+2 fO) =2p+2t+2
n=3t+2 )or v(D)=p+t+2 () =p+t f)=2p+2t+2
(M=3p+2& | p2)=2p+2t+1 | e =1 f@)=2p+2t+2
n=3t+1)
m=3p+2 & v(0) =0 e(0) =2p+2t+2 fO) =2p+2t+2
n=3t+2 v(D=p+t+1 (D) =p+t+2 f)=2p+2t+3
v(2)=2p+2t+3 | e(2)=0 f)=2p+2t+3

Example 2.6.: A 3-total super sum cordial labeling ¢; U cs

0 1 0 0
1 2 1 1
2 0
0 0
1 1
0 0 3 2
2 2

Figure 3 :C; U Cy

3. CONCLUSION

If G, U G, is 2-total sum cordial graph then it is 2-total super
sum cordial graph, as for each edge uv |[f(uw) — f(v)| <1 .
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