
International Journal of Applied Information Systems (IJAIS) ISSN : 2249-0868
Foundation of Computer Science FCS, New York, USA
Volume 7 - No. 7, August 2014 - www.ijais.org

Intuitionistic Fuzzy Reliability of k-out-of-n System
using Statistical Confidence Interval

Gaurav Kumar
Research Scholar,

Singhania University,
Pacheri Bari, Rajasthan, India

Rakesh K Bajaj,
Associate Professor, Department of Mathematics,

JUIT, Waknaghat,
Solan, Himachal Pradesh, India

ABSTRACT
In the present communication, some new arithmetic operations on
intuitionistic fuzzy numbers using theα-cut method are introduced.
A new methodology based on intuitionistic fuzzy confidence inter-
val has been provided for analyzing the intuitionistic fuzzy system
reliability of k-out-of-n system (particularly, series and parallel
system), where the reliability of each component of each system
is unknown. The reliability of each component of the system using
the intuitionistic fuzzy statistical sample data using the α-cuts of
(1 − γ)100% approach is estimated to compute the system relia-
bility. Further, based on the estimated reliability of the components
obtained, the intuitionistic fuzzy reliability of the system has been
finally calculated using the minimal path sets approach.
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1. INTRODUCTION
The reliability analysis is an important research topic in the field
of engineering and science. Several researchers pay attention to
elaborate the concept of reliability analysis. In reliability the-
ory, a k-out-of-n system consists of n components of the same
kind with independent and isotropic distributed lifetimes. And
this kind of statistics has found wide range of applications in
many industrial processes and other applied areas. A n compo-
nents system works if and only if at least k of the n- components
works is called a k-out of n:G system and n-component system
that fails if and only if at least k of the n- components fail is
called a k-out of n:F system. Therefore k-out of n:G system is
equivalent to an n − k + 1-out of n:F system. The k-out of n
system structure is a very popular type of redundancy in fault
tolerant systems.
The reliability of a system can be determined on the basis of
tests or the acquisition of operational data. However, due to un-
certainty and inaccuracy of this data, the estimation of precise
values of probabilities is very difficult in many system. To over-
come this problem, the concept of fuzzy set theory in the eval-
uation of the reliability of a system was proposed by Onisawa
and Kacprzyk [1]. Cai et al. [2, 3] studied some special fuzzy
system suchas parellel and series systems involving fuzzysets.
Further, fuzzy set approach for fault tree and reliability analysis
in which the relative frequencies of the basic events are consid-
ered as fuzzy numbers was proposed by Singer [4]. In order to
analyze fuzzy system reliability Cheng and Mon [5] used inter-
val of confidence . Chen [6] presented a new method for fuzzy
system reliability analysis using fuzzy number arithmetic oper-
ations in which the reliability of each component is considered
as fuzzy number and used simplified fuzzy arithmetic operations
rather than complicated interval fuzzy arithmetic operations of
fuzzy numbers [5] or the complicated extended algebraic fuzzy
numbers [4].

After the successful applications of the fuzzy set theory since
1970, several researchers are engaged in their extensions. Out
of existence of several extensions, i.e. Intuitionistic Fuzzy Sets
(IFSs) [7], Interval-Valued Intuitionistic Fuzzy Sets (IVIFSs) [8],
Vague Sets [9], R-Fuzzy Sets [10] and Interval-Valued Fuzzy
Sets (IVFSs) [11], it may be noted that IVFS theory is equiva-
lent to IFS theory, which in its turn is equivalent to Vague Set
theory, and IVIFS theory extends IFS theory. The implementa-
tion of intuitionistic (vague) fuzzy set theory instead of fuzzy set
theory means the introduction of another degree of freedom into
a set description. Burillo [15] studied perturbations of intuition-
istic fuzzy number and their properties of the correlation between
these numbers. Further, a method to analyze the fuzzy reliability
of the series and parallel system using triangular intuitionistic
fuzzy numbers (TIFNs) arithmetic operations was proposed by
Mahapatra and Roy [16]. Shing Yao et al. [17] applied a statisti-
cal methodology in fuzzy system reliability analysis.
In the present paper, section 2 presents some basics of k-out-of-
n system with identical or non-identical components. Section 3,
presents some basics of intuitionistic fuzzy set theory with some
new proposed arithmetic operations using the α-cut method.
Section 4, describes the methodology to calculated the reliabil-
ity of k-out-of-n system using minimal path sets approach based
on the estimated reliability of the components . In section 5, the
proposed methodology has been illustrated with the help of a
numerical example.

2. PRELIMINARIES
This section discusses the techniques for reliability evaluation
of k-out-of-n : G with independent and identically distributed
(i.i.d.) and independent and non-identically distributed (non-
i.i.d.) components.

2.1 k-out-of-n System with I.I.D. Components
The system reliability R of a system with n independent and
identically distributed (i.i.d.) components can be determined by
component’s reliability pi, i = 1, 2, . . . , n. and which is given
by

R = φ(p1, p2, . . . , pn). (1)
where the structure function φ is decided by the structure of the
system and R is a function of p1, p2, . . . , pn. The number of
working components follows the binomial distribution with pa-
rameter (n, p) in a k-out-of-n : G system with i.i.d. components
and the reliability of the system is equal to the probability that
the number of working components is greater than or equal to k:

RG(n, p) =

n∑
i=k

(
n
i

)
piqn−i. (2)

The reliability of the series system and parallel system are given
by

R =
n∏
i=1

pi. (3)
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R = 1−
n∏
i=1

(1− pi). (4)

2.2 k-out-of-n System with Independent and
Non-I.I.D. Components

For k-out-of-n: G systems with components whose reliabilities
are not necessarily identical, computing the system reliability is
somewhat more difficult. However, more efficient recursive al-
gorithms for reliability evaluation of such systems were reported
by Barlow and Heidtmann [18] and Rushdi [19, 20]. The iterative
implementation Rushdi algorithm is provided in [21]. The con-
cept of minimal path sets to evaluate system reliability can also
be used. The reliability of any system is equal to the probability
that at least one of the minimal path sets works. The unrelia-
bility of the system is equal to the probability that at least one
minimal cut set is failed. For a minimal path set to work, each
component in the set must work. For a minimal cut set to fail,
all components in the set must fail. In a k-out-of-n:G system,
there are nCk minimal path sets and nCn−k+1

minimal cut sets.
Each minimal path set contains exactly k different components
and each minimal cut set contains exactly n−k+1 components.
If all minimal path sets and minimal cut sets are known, then the
reliability of k-out-of-n system is calculated using the following
formula [18]:

Rel(k, n) = 1−
nCk∏
j=1

1−
∏
i∈Pj

Ri

, (5)

where Pj is the jth minimal path set.

3. BASIC CONCEPTS OF INTUITIONISTIC
FUZZY SETS

DEFINITION 1 FUZZY SET. A fuzzy set A =
{〈x, µ(x)〉|x ∈ X} in a universe of discourse X is char-
acterized by a membership function µA as follows [22].

µA : X → [0, 1]. (6)

DEFINITION 2 INTUITIONISTIC FUZZY SET. [23, 7] Let
X be the universe of discourse. Then an IFS Ã in X is given
by

Ã = {〈x, µÃ(x), νÃ(x)〉 : x ∈ X}, (7)

where µÃ : X → [0, 1] and νÃ : X → [0, 1] with the condition
0 ≤ µÃ(x) + νÃ(x) ≤ 1, ∀x ∈ X. The numbers µÃ(x) and
νÃ(x) denotes the degree of membership and non-membership
of an element x to a set Ã respectively. For each element x ∈ X,
the amount πÃ(x) = 1 − µÃ(x) − νÃ(x) is called the degree
of indeterminacy (hesitation part). It is the degree of uncertainty
whether x belongs to Ã or not.

DEFINITION 3 α-CUT OF THE IFS. The α-cut of a intu-
itionistic fuzzy set, is a crisp set which consists of elements of
Ã for which the membership degree greater than or equal to α
and non-membership degree less than or equal to 1− α i.e.,

Ãα = {x|µÃ(x) ≥ α and νÃ(x) ≤ 1− α} , ∀α ∈ [0, 1]. (8)

DEFINITION 4 INTUITIONISTIC FUZZY NUMBER. An in-
tuitionistic fuzzy subset
Ã = {〈x, µÃ(x), νÃ(x)〉 : x ∈ X} of the real line R is called
an intuitionistic fuzzy number if the following axioms hold:

(1) Ã is normal, i.e., there at least two points x1, x2 ∈ R such
that µÃ(x1) = 1 and νÃ(x2) = 0;

(2) The membership function µÃ is fuzzy-convex i.e., µÃ(λ·x1+
(1− λ) · x2) ≥ max {µÃ(x1), µÃ(x2)}∀x1, x2 ∈ X ,
λ ∈ [0, 1];

(3) The non-membership function νÃ is fuzzy-
concave i.e. νÃ(λ · x1 + (1 − λ) · x2) ≤
max {νÃ(x1), νÃ(x2)}∀x1, x2 ∈ X, λ ∈ [0, 1];

(4) The membership and the non-membership function of Ã sat-
isfying the condition 0 ≤ f1(x) + g1(x) ≤ 1, 0 ≤
f2(x) + g2(x) ≤ 1 have the following form:

µÃ(x) =


f1(x), for a1 ≤ x ≤ a2,
1, for a2 ≤ x ≤ a3,
f2(x), for a3 ≤ x ≤ a4,
0, otherwise .

(9)

and

νÃ(x) =


g1(x), for a

′
1 ≤ x ≤ a2,

0, for a2 ≤ x ≤ a3,
g2(x), for a3 ≤ x ≤ a

′
4

1, otherwise .

(10)

respectively, where f1(x) and f2(x) are strictly increas-
ing and decreasing functions in [a1, a2] and [a3, a4]; and
g1(x) and g2(x) are strictly decreasing and increasing func-
tions in [a

′
1, a2] and [a3, a

′
4], respectively. Symbolically the

intuitionistic fuzzy number is represented as

ÃIFN =
(
a1, a2, a3, a4; a

′
1, a2, a3, a

′
4

)
.

The α-cut of Intuitionistic Fuzzy Number ÃIFN =(
a1, a2, a3, a4; a

′
1, a2, a3, a

′
4

)
generates the following pair of

intervals:

[ÃIFN ]α =
{[
ÃLµ(α), ÃRµ (α)

]
;
[
ÃLν (α), ÃRν (α)

]}
,

where the interval
[
ÃLµ(α), ÃRµ (α)

]
can be defined as follows:

ÃLµ(α) =

{
inf{x|µÃ(x) ≥ α}, if α > 0,
inf{x|x ∈ [a2, a3]}, if α = 0,

ÃRµ (α) =

{
sup{x|µÃ(x) ≥ α}, if α > 0,
sup{x|x ∈ [a2, a3]}, if α = 0.

(11)

In similar manner, the interval
[
ÃLν (α), ÃRν (α)

]
can be defined

as follows:

ÃLν (α) =

{
inf{x|νÃ(x) ≤ 1− α}, if α > 0,
inf{x|x ∈ [a

′
1, a

′
4]}, if 1− α = 0,

ÃRν (α) =

{
sup{x|νÃ(x) ≤ 1− α}, if 1− α > 0,
sup{x|x ∈ [a

′
1, a

′
4]}, if 1− α = 0.

(12)

DEFINITION 5. An Intuitionistic Fuzzy Number ÃIFN =(
a1, a2, a3, a4; a

′
1, a2, a3, a

′
4

)
defined on the universal set R

is said to be a trapezoidal intuitionistic fuzzy number if and only
if its membership and non-membership functions have the fol-
lowing form:

µÃ(x) =


x−a1
a2−a1

, for a1 ≤ x ≤ a2,
1, for a2 ≤ x ≤ a3,
a4−x
a4−a3

, for a3 ≤ x ≤ a4,
0, otherwise.

(13)

and

νÃ(x) =


a2−x
a2−a

′
1

, for a
′
1 ≤ x ≤ a2,

0, for a2 ≤ x ≤ a3,
x−a3

a
′
4
−a3

, for a3 ≤ x ≤ a
′
4,

1, otherwise.

(14)
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where a
′
1 ≤ a1 ≤ a2 ≤ a3 ≤ a4 ≤ a

′
4 and µÃ(x), νÃ(x) ≤ 0.5

for µÃ(x) = νÃ(x) ∀x ∈ R.

Using the equations (11) and (12), the α-cuts of ÃTPIFN can be
defined as

[ÃTPIFN ]α =

{[
ÃLµ (α), ÃRµ (α)

]
;

[
ÃLν (α), ÃRν (α)

]}
=

{
[a1 +α(a2 −a1),a4 −α(a4 −a3)];

[
a2 −α(a2 −a

′
1
),a3 +α(a

′
4
−a3)

]}
(15)

3.1 Arithmetic Operations on Intuitionistic Fuzzy
Numbers

The arithmetic operation (∗) of two intuitionistic fuzzy numbers
is a mapping from cartesian product space R×R onto R. If
ÃIFN and B̃IFN be two IFNs then their resultant is also an
IFN. Using the extension principle, the membership and the non-
membership function of the resultant IFN ÃIFN ∗ B̃IFN can be
defined as follows:

µÃIFN ∗B̃IFN (z) = sup
z=x∗y

min
{
µÃIFN (x), µB̃IFN (y)

}
(16)

νÃIFN ∗B̃IFN (z) = inf
z=x∗y

max
{
νÃIFN (x), νB̃IFN (y)

}
,

(17)
where ∗ stands for any of the four arithmetic operations (addi-
tion, subtraction, multiplication, division).

3.1.1 Arithmetic Operation of Intuitionistic Fuzzy Number
based on α- cut method. Using the α-cut method, arithmetic
operations on intuitionistic fuzzy numbers can be defined as fol-
lows.
Let ÃIFN =

(
a1, a2, a3, a4; a

′
1, a2, a3, a

′
4

)
and B̃IFN =(

b1, b2, b3, b4; b
′
1, b2, b3, b

′
4

)
, be two IFNs, then the α-cuts of

ÃTPIFN and B̃TPIFN are defined as
[ÃTPIFN ]α =

{[
ÃLµ (α), ÃRµ (α)

]
;

[
ÃLν (α), ÃRν (α)

]}
=
{

[a1 +α(a2 −a1),a4 −α(a4 −a3)];

[
a2 −α(a2 −a

′
1
),a3 +α(a

′
4
−a3)

]}
,

and
[B̃TPIFN ]α =

{[
B̃Lµ (α), B̃Rµ (α)

]
;

[
B̃Lν (α), B̃Rν (α)

]}
=
{

[b1 +α(b2 − b1), b4 −α(b4 − b3)];

[
b2 −α(b2 − b

′
1
), b3 +α(b

′
4
− b3)

]}
respectively.

(1) Addition of two TPIFNs: The addition of ÃTPIFN and
B̃TPIFN is defined as follows: [ÃTPIFN ]α ⊕ [B̃TPIFN ]α

=
{[

ÃLµ (α) + B̃Lµ (α), ÃRµ (α) + B̃Rµ (α)

]
;

[
ÃLν (α) + B̃Lν (α), ÃRν (α) + B̃Rν (α)

]}
and their membership and the non-membership functions
are of the form:

µ
ÃTPIFN⊕B̃TPIFN

(x) =


x−(a1+b1)

(a2+b2)−(a1+b1)
, for a1 + b1 ≤ x ≤ a2 + b2,

1, , for a2 + b2 ≤ x ≤ a3 + b3,
(a4+b4)−x

(a4+b4)−(a3+b3)
, for a3 + b3 ≤ x ≤ a4 + b4,

0, otherwise.

and

ν
ÃTPIFN⊕B̃TPIFN

(x) =


(a2+b2)−x

(a2+b2)−(a
′
1
+b
′
1
)
, for a

′
1

+ b
′
1
≤ x ≤ a2 + b2,

0 , for a2 + b2 ≤ x ≤ a3 +a3,
x−(a3+b3)

(a
′
4
+b
′
4
)−(a3+b3)

, for a3 +a3 ≤ x ≤ a
′
4

+ b
′
4
,

1, otherwise.

respectively. It may be observe that the addition of two
TPIFNs is also a TPIFN.

(2) Subtraction of Two TPIFNs:
The subtraction of ÃTPIFN and B̃TPIFN is defined as
follows: [ÃTPIFN ]α − [B̃TPIFN ]α

=
{[

ÃLµ (α)− B̃Rµ (α), ÃRµ (α)− B̃Lµ (α)

]
;

[
ÃLν (α)− B̃Rν (α), ÃRν (α)− B̃Lν (α)

]}
and their membership and non-membership functions are of

the form:

µ
ÃTPIFN⊕B̃TPIFN

(x) =


x−(a1−b4)

(a2−b3)−(a1−b4)
for a1 − b4 ≤ x ≤ a2 − b3,

1 for a2 − b3 ≤ x ≤ a3 − b2,
(a4−b1)−x

(a4−b1)−(a3−b2)
for a3 − b2 ≤ x ≤ a4 − b1,

0 otherwise

and

ν
ÃTPIFN⊕B̃TPIFN

(x) =


(a2−b3)−x

(a2−b3)−(a
′
1
−b′

4
)
for a

′
1
− b
′
4
≤ x ≤ a2 − b3,

0, for a2 − b3 ≤ x ≤ a3 − b2,
x−(a3−b2)

(a
′
4
−b′

1
)−(a3−b2)

for a3 − b2 ≤ x ≤ a
′
4
− b
′
1
,

1, otherwise,

respectively. It may be observe that the subtraction of two
TPIFNs is also a TPIFN.

(3) Multiplication of two TPIFNs: The multiplication of
two trapezoidal intuitionistic fuzzy numbers ÃTPIFN and
B̃TPIFN is defined as follows: [ÃTPIFN ]α ⊗ [B̃TPIFN ]α

=
{[

ÃLµ (α) · B̃Lµ (α), ÃRµ (α) · B̃Rµ (α)

]
;

[
ÃLν (α) · B̃Lν (α), ÃRν (α) · B̃Rν (α)

]}
Let us assume that

z1 = (a1 + (a2 − a1)α) · (b1 + (b2 − b1)α)
= (a2 − a1)(b2 − b1)α2 + (a1b2 − 2a1b1 + b1a2)α+ a1b1,

(18)

z2 = (a4 − α(a4 − a3)α) · (b4 − α(b4 − b3)α)

= (a4 − a3)(b4 − b3)α2 + (a4b3 − 2a4b4 + a3b4)α+ a4b4,

(19)

z3 =
(
a2 − (a2 − a

′
1)α
)
·
(
b2 − (b2 − b

′
1)α
)

= (a2 − a
′
1)(b2 − b

′
1)α2 +

(
a
′
1b2 − 2a2b2 + a2b

′
1

)
α+ a2b2,

(20)
and

z4 =
(
a3 + (a

′
4 − a3)α

)
·
(
b3 + (b

′
4 − b3)α

)
= (a

′
4 − a3)(b

′
4 − b3)α2 +

(
a
′
4b3 − 2a3b3 + a3b

′
4

)
α+ a3b3.

(21)
Solving the equations (18), (19), (20) and (21) for the vari-
able α, we get

α =
−B1 +

√
B2

1 − 4A1(a1b1 − x)

2A1

, (22)

α =
−B ′1 +

√
B
′
1

2 − 4A
′
1(a2b2 − x)

2A
′
1

, (23)

α =
−B ′1 +

√
B
′
1

2 − 4A
′
1(a2b2 − x)

2A
′
1

, (24)

and

α =
−B ′1 +

√
B
′
1

2 − 4A
′
1(a2b2 − x)

2A
′
1

(25)

respectively, where

A1 = (a2 − a1)(b2 − b1),

B1 = (a1b2 − 2a1b1 + b1a2) ,

A2 = (a4 − a3)(b4 − b3),

B2 = (a4b3 − 2a4b4 + a3b4)

A
′
1 = (a2 − a

′
1)(b2 − b

′
1),

B
′
1 =

(
a
′
1b2 − 2a2b2 + a2b

′
1

)
,

A
′
2 = (a

′
4 − a3)(b

′
4 − b3),

B
′
2 =

(
a
′
4b3 − 2a3b3 + a3b

′
4

)
.
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For the sake of simplicity, it may be assumed that z1, z2, z3
and z4 are the dummy variables for the variable x. There-
fore, using the equations (22) and (23) and the membership
function is given below:

µÃ⊕B̃(x) =


−B1+

√
B2

1
−4A1(a1b1−x)
2A1

, if a1b1 ≤ x ≤ a2b2,
1, if a2b2 ≤ x ≤ a3b3,
−B2−

√
B2

2
−4A2(a4b4−x)
2A2

, if a3b3 ≤ x ≤ a4b4,
0, otherwise.

Similarly, using the equations (24) and (25), we write the
non-membership function in a compact form:

νÃ⊕B̃(x) =



−B′
1
+

√
B
′
1

2
−4A′

1
(a2b2−x)

2A
′
1

, if a
′
1b
′
1 ≤ x ≤ a2b2,

0, if a2b2 ≤ x ≤ a3b3,
−B′

2
−
√

B
′
2

2
−4A′

2
(a3b3−x)

2A
′
2

, if a3b3 ≤ x ≤ a
′
4b
′
4,

1, otherwise.

It may be noted that the multiplication of two TPIFNs is not
a TPIFN.

Example 1: Let Ã1 = (1, 2, 3, 4; 0.5, 2, 3, 4.5) and Ã2 =
(2, 3, 4, 5; 1, 3, 4, 5.5) be two TPIFNs. Then the membership
and the non-membership functions of their product Ã1 ⊗ Ã2 =
(2, 6, 12, 20; 0.5, 6, 12, 24.75) using the α-cut method is de-
fined as follows:

µÃ1⊗Ã2
(x) =


−3+
√

9−4(2−x)
2

, if 2 ≤ x ≤ 6,
1, if 6 ≤ x ≤ 12,
9−
√

81−4(20−x)
2

, if 12 ≤ x ≤ 20,
0, otherwise.

(26)
and

νÃ1⊗Ã2
(x) =


8.5−
√

72.25−12(6−x)
6

, if 0.5 ≤ x ≤ 6,
0, if 6 ≤ x ≤ 12,
−10.5+

√
110.25−9(12−x)
4.5

, if 12 ≤ x ≤ 24.75,
1, otherwise,

(27)
respectively.
Above Ã1⊗ Ã2 is a trapezoidal shaped intuitionistic fuzzy num-
ber. It can also be approximated to TPIFN as Ã1 ⊗ Ã2 =
(2, 6, 12, 20; 0.5, 6, 12, 24.75) with membership and non-
membership functions as follows:

µÃ1⊗Ã2
(x) =


x−2
4
, if 2 ≤ x ≤ 6,

1, if 6 ≤ x ≤ 12,
20−x

8
, if 12 ≤ x ≤ 20,

0, otherwise.

(28)

and

νÃ1⊗Ã2
(x) =


6−x
5.5

, if 0.5 ≤ 6,
0, if 6 ≤ x ≤ 12,
x−12
12.75

, if 12 ≤ x ≤ 24.75,
1, otherwise.

(29)

respectively.
It may be observed that the membership and non-membership
functions will be in the exact shape if the arithmetic operations
on TPIFNs using the α-cut method are used. Therefore, it is sug-
gested that the reliability evaluation process of a system is more
accurate with the proposed method.

4. INTUITIONISTIC FUZZY RELIABILITY OF
K-OUT-OF-N SYSTEM

To analyze the reliability of the system the most important con-
sideration is that the reliability values of the components are
mostly obtained by statistical data in the past or based on the sub-
jective judgemental of the experts’s experience. The data have
uncertainty itself because it is extracted from various sources
such as historical records, reliability databases, and system re-
liability experts opinion. Thus, the uncertainty in the values is an
undeniable fact and it is necessary to define fuzzy value in prob-
abilistic space and possibility of failure instead of failure prob-
ability. In this work, the uncertainty of the values of reliability
of each component is represented by a trapezoidal intuitionistic
fuzzy number. In this section, the intuitionistic fuzzy reliability
of a k-out-of-n system with independent components is evalu-
ated, where the intuitionistic fuzzy reliabilities of the compo-
nents are not necessarily identical.
Consider a system of n independent and non-identical compo-
nents with unknown reliabilityRi, i = 1, 2, . . . , n and suppose
that for each component we observe m trapezoidal intuitionistic
fuzzy numbers for the reliability of Ri. These trapezoidal intu-
itionistic fuzzy numbers are indicated byRij , j = 1, 2, . . . , m,

where Rij =
(
r1ij , r

2
ij , r

3
ij , r

4
ij ; r

1′
ij , r

2
ij , r

3
ij , r

4′
ij

)
. For each

component calculated intuitionistic fuzzy arithmetic mean of Ri
is as follows:
R̄i =

(
r̄1i , r̄

2
i , r̄

3
i , r̄

4
i ; r̄

1′
i , r̄

2
i , r̄

3
i , r̄

4′
i

)
=

(
1
m

m∑
j=1

r1ij ,
1
m

m∑
j=1

r2ij ,
1
m

m∑
j=1

r3ij ,
1
m

m∑
j=1

r4ij ;
1
m

m∑
j=1

r1
′
ij ,

1
m

m∑
j=1

r2ij ,
1
m

m∑
j=1

r3ij ,
1
m

m∑
j=1

r4
′
ij

)
, i = 1, 2, . . . , n.

Taking the α-cuts of each R̄i, i = 1, 2, . . . , n, which is given
by
[R̄i]α =

{[
R̄Liµ (α), R̄Uiµ (α)

]
;
[
R̄Liν (α), R̄Uiν (α)

]}
= {[r̄1i + (r̄2i − r̄1i )α, r̄4i + (r̄3i − r̄4i )α] ;[
r̄2i − (r̄2i − r̄1

′
i )α, r̄3i + (r̄4

′
i − r̄3i )α

]}
.

Now, transfer these α-cut intervals into statistical confidence in-
tervals:
Case 1: When the population standard deviation σ is known.
In this case, the α-cuts of (1 − γ)100% confidence interval of
R̄i is given by

[R̂i]α =
{[
R
L∗
i

µ (α), R
U∗
i

µ (α)
]
;
[
R
L∗
i

ν (α), R
U∗
i

ν (α)
]}

Here

R
L∗
i

µ (α) = r̄1i + (r̄2i − r̄1i )α−
σ√
m
tm−1 (γ1) ,

RUiµ (α) = r̄4i + (r̄3i − r̄4i )α+
σ√
m
tm−1 (γ2) ,

R
L∗
i

ν (α) = r̄2i − (r̄2i − r̄1
′
i )α− σ√

m
tm−1 (γ1) ,

R
U∗
i

ν (α) = r̄3i + (r̄4
′
i − r̄3i )α+

σ√
m
tm−1 (γ2) .

Case 2: When the population standard deviation σ is not known.
In this case, the α-cuts of (1 − γ)100% confidence interval of
R̄i is given by

[R̂i]α =
{[
R
L∗
i

µ (α), R
U∗
i

µ (α)
]
;
[
R
L∗
i

ν (α), R
U∗
i

ν (α)
]}

Here

R
L∗
i

µ (α) = r̄1i + (r̄2i − r̄1i )α−
si√
m
tm−1 (γ1) ,
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RUiµ (α) = r̄4i + (r̄3i − r̄4i )α+
si√
m
tm−1 (γ2) ,

R
L∗
i

ν (α) = r̄2i − (r̄2i − r̄1
′
i )α− si√

m
tm−1 (γ1) ,

R
U∗
i

ν (α) = r̄3i + (r̄4
′
i − r̄3i )α+

si√
m
tm−1 (γ2) ,

where γ1 + γ2 = γ, 0 < γ1, γ2, γ < 1.
Let T be a t-distributed random variable with mi − 1 degree of
freedom. Then tmi−1(γk) satisfies the condition
p(T ≥ tmi−1(γk)) = γk, k = 1, 2.
The decision maker not only chooses γ1 and γ2 to satisfy the
condition γ1 +γ2 = γ, 0 < γ1, γ2, γ < 1, but also satisfies the
following conditions:

0 < r̄1i + (r̄2i − r̄1i )α−
σ√
m
tm−1 (γ1) < 1, (30)

0 < r̄4i + (r̄3i − r̄4i )α+
σ√
m
tm−1 (γ2) < 1, (31)

0 < r̄2i − (r̄2i − r̄1
′
i )α− σ√

m
tm−1 (γ1) < 1, (32)

0 < r̄3i + (r̄4
′
i − r̄3i )α+

σ√
m
tm−1 (γ2) < 1, (33)

0 < r̄1i + (r̄2i − r̄1i )α−
si(α)√
m
tm−1 (γ1) < 1, (34)

0 < r̄4i + (r̄3i − r̄4i )α+
si(α)√
m
tm−1 (γ2) < 1, (35)

0 < r̄2i − (r̄2i − r̄1
′
i )α− si(α)√

m
tm−1 (γ1) < 1, (36)

and

0 < r̄3i + (r̄4
′
i − r̄3i )α+

si(α)√
m
tm−1 (γ2) < 1, (37)

where i = 1, 2, . . . , m.
In order to calculate the estimated value of the variance between
TPIFNs, the distance formula between two IFNs is used [24].
Hence, the variance between m TPIFNs is given by

s2
i
(α) = 1

4(m−1)

1∫
0

[
m∑
j=1

(
R
Lj
µ (α)− R̄Liµ (α)

)2
+

(
R
Uj
µ (α)− R̄Uiµ (α)

)2

+

(
R
Lj
ν (α)− R̄Liν (α)

)2
+

(
R
Uj
ν (α)− R̄Uiν (α)

)2
]
dα.

Ultimately, evaluating the intuitionistic fuzzy reliability of k-out-
of-n system using the concept of minimal path sets, the intuition-
istic fuzzy reliability of any system is equal to the possibility
that at least one of the minimal path set works. A minimal path
set works, if all the components in the set work. In a k-out-of-
n system, there are nCk minimal path sets. Each minimal path
set contains exactly k different components. Therefore, [18] the
explicit formula to evaluate the intuitionistic fuzzy reliability of
k-out-of-n system using minimal path sets is as follows:

Rel(k, n) =

[
1−

nCk∏
j=1

[
1−

∏
i∈Pj

[
R̄Liµ (α), R̄Uiµ (α)

]]
;

1−
nCk∏
j=1

[
1−

∏
i∈Pj

[
R̄Liν (α), R̄Uiν (α)

]]]
(38)

where Pj is the jth minimal path set.
A series system functions if and only if each of its component
function. The intuitionistic fuzzy reliability Rs of series system

is given by Rs =
n∏
i=1

R̂i

= R̂1 · R̂2·, . . . , ·R̂n

=


n∏
i=1

[ri1 + (ri2 − ri1)α, ri4 − (ri4 − ri3)α];

n∏
i=1

[
ri2 − (ri2 − r

′
i1)α, ri3 + (r

′
i4 − ri3)α

]


=


[
n∏
i=1

(ri1 + (ri2 − ri1)α)
n∏
i=1

(ri4 − (ri4 − ri3)α)

]
;[

n∏
i=1

(
ri2 − (ri2 − r

′
i1)α

)
,

n∏
i=1

(
ri3 + (r

′
i4 − ri3)α

)]


(39)
A parallel system functions if and only if at least one component
functions. The intuitionistic fuzzy reliability Rp of parallel the
system is given by

Rp = 1−
n∏
i=1

(1− R̂i)

=

 [1, 1]−
n∏
i=1

(
[1 1]−

[
RLiµ (α), RUiµ (α)

])
;

[1, 1]−
n∏
i=1

(
[1 1]−

[
RLiν (α), RUiν (α)

])


=

 [1, 1]−

[
n∏
i=1

[
1−
(
ri4 − (ri4 − ri3)α

)]
,

n∏
i=1

[
1−
(
ri1 + (ri2 − ri1)α

)]]
;

[1, 1]−

[
n∏
i=1

[
1−
(
ri3 − (ri3 − r

′
i4

)α

)]
,

n∏
i=1

[
1−
(
ri2 + (r

′
i1
− ri2)α

)]]


=


[

1−
n∏
i=1

[
1−
(
ri1 + (ri2 − ri1)α

)]
, 1−

n∏
i=1

[
1−
(
ri4 − (ri4 − ri3)α

)]]
;[

1−
n∏
i=1

[
1−
(
ri2 + (r

′
i1
− ri2)α

)]
, 1−

n∏
i=1

[
1−
(
ri3 − (ri3 − r

′
i4

)α

)]]


(40)

5. NUMERICAL EXAMPLE
Consider a 2-out-of-4 system with random samples of size 4 for
each component Ci, i = 1, 2, . . . , 4. Intuitionistic fuzzy statis-
tical sample data for different components is shown in Table 1.
If σ is unknown, then the α-cuts of (1− γ)100% statistical con-
fidence interval with γ1 = 0.025, γ2 = 0.025, γ = 0.05 for the
reliabilityRi, i = 1, 2, . . . , 4 are estimated. Using these confi-
dence intervals the reliability of 2-out-of-4 system are calculated
for different values of α and results are furnished in Table 2. Fur-
ther, using the Table 2 the membership and the non-membership
functions are plotted in figure 1.
The fuzzy arithmetic mean of Ri, i = 1, 2, . . . , 4 are given by

R̄1 = (0.14, 0.21, 0.28, 0.34; 0.13, 0.21, 0.28, 0.36) ,

R̄2 = (0.34, 0.43, 0.50, 0.57; 0.24, 0.43, 0.50, 0.62) ,

R̄3 = (0.44, 0.53, 0.60, 0.68; 0.40, 0.53, 0.60, 0.72) ,

R̄4 = (0.82, 0.88, 0.91, 0.93; 0.76, 0.88, 0.91, 0.95) .

The α-cuts of R̄i, i = 1, 2, . . . , 4 are given by

[R̄1]α = {[0.14 + 0.07α, 0.34− 0.06α]; [0.21− 0.08α, 0.28 + 0.08α]},

5
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Table 1.
C1 C2

(.14, .20, .26, .34; .12, .20, .26, .36) (.30, .40, .50, .60; .20, .40, .50, .65)

(.15, .21, .27, .35; .13, .21, .27, .37) (.35, .45, .50, .55; .25, .45, .50, .60)

(.10, .20, .28, .30; .09, .20, .28, .33) (.33, .44, .52, .58; .24, .44, .52, .62)

(.18, .24, .30, .36; .16, .24, .30, .39) (.36, .41, .48, .56; .26, .41, .48, .60)

C3 C4

(.40, .50, .60, .70; .35, .50, .60, .80) (.82, .91, .94, .98; .72, .91, .94, .99)

(.45, .52, .65, .73; .40, .52, .65, .75) (.81, .89, .90, .94; .71, .89, .90, .95)

(.48, .63, .65, .70; .44, .63, .65, .73) (.86, .88, .91, .92; .84, .88, .91, .94)

(.41, .46, .48, .58; .39, .46, .48, .60) (.80, .85, .87, .89; .78, .85, .87, .92)

[R̄2]α = {[0.34 + 0.09α, 0.57− 0.07α]; [0.43− 0.15α, 0.50 + 0.12α]},

[R̄3]α = {[0.44 + 0.09α, 0.68− 0.08α]; [0.53− 0.13α, 0.60 + 0.12α]},

[R̄4]α = {[0.82 + 0.06α, 0.93− 0.02α]; [0.88− 0.12α, 0.91 + 0.04α]}.

In case, when σ is not known, the α-cuts of 95% confidence
interval for R̄i, i = 1, 2, . . . , 4 are given by

[R̂1]α = {[0.10 + 0.07α, 0.38− 0.06α]; [0.17− 0.08α, 0.32 + 0.08α]},

[R̂2]α = {[0.29 + 0.09α, 0.62− 0.07α]; [0.38− 0.15α, 0.55 + 0.12α]},

[R̂3]α = {[0.33 + 0.09α, 0.79− 0.08α]; [0.42− 0.13α, 0.71 + 0.12α]},

[R̂4]α = {[0.77 + 0.06α, 0.98− 0.02α]; [0.83− 0.12α, 0.96 + 0.04α]}.

The minimal path sets are: P1 = {R1, R2}, P2 =
{R1, R3}, P3 = {R1, R4}, P4 = {R2, R3}, P5 =
{R2, R4} and P6 = {R3, R4}.
Now, calculate the confidence interval for the reliability of a 2-
out-of-4 system for different values of α ∈ [0, 1] by using for-
mula given by the equation (38) and result is furnished in Table 2.
The membership and non-membership functions of the obtained
result are shown in figure 1.

Table 2.

α Confidence Interval of the Reliability of 2-out-of-4 System
0.0 {[0.6899, 0.9552]; [0.8312, 0.9076]}
0.1 {[0.7060, 0.9514]; [0.8126, 0.9167]}
0.2 {[0.7218, 0.9475]; [0.7928, 0.9252]}
0.3 {[0.7371, 0.9434]; [0.7720, 0.9330]}
0.4 {[0.7520, 0.9390]; [0.7501, 0.9402]}
0.5 {[0.7664, 0.9344]; [0.7273, 0.9469]}
0.6 {[0.7803, 0.9295]; [0.7034, 0.9531]}
0.7 {[0.7938, 0.9244]; [0.6787, 0.9587]}
0.8 {[0.8067, 0.9191]; [0.6531, 0.9639]}
0.9 {[0.8192, 0.9135]; [0.6266, 0.9686]}
1.0 {[0.8312, 0.9076]; [0.5995, 0.9728]}
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Fig. 1. Reliability of 2-out-of-4 System

6. CONCLUSION
The proposed new arithmetic operations on intuitionistic fuzzy
numbers using the α-cut method are valid operations. As the
membership and non-membership functions would be in the ex-
act shape using the α-cut method. More accuracy with the pro-
posed method for the reliability evaluation process of a system is
acheived. A new methodology based on intuitionistic fuzzy con-
fidence interval has been provided for analyzing the intuitionistic
fuzzy system reliability of k-out-of-n system (particularly, series
and parallel system) has been provided. Firstly, estimated the re-
liability of each component of the system using the intuitionistic
fuzzy statistical sample data using the α-cuts of (1 − γ)100%
approach and then based on the estimated reliability of the com-
ponents obtained, the intuitionistic fuzzy reliability of the system
has been finally calculated using the minimal path sets approach.
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