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ABSTRACT

The main aim of this paper is to introduce a new class
H(a,,u,A,A,B) of univalent and analytic function
p(2)=z+X%_, a,z™ and obtained the results of coefficient
estimates, growth and distortion theorem, radii of close to
convexity, starlikeness and convexity, clousure theorem,
weighted mean ,arithmetic mean, linear combination for the
class, applications of fractional calculus and its certain
properties for the class.
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1. INTRODUCTION

Let A denote the class of function of the form

p(2)=2+X57 -2 an 2", 1.1
which are univalent in the unit disc

U={z:z€Cand|z|] <1}.

Definition (i):A function p€ A4 is said to be starlike function
of ordery,suchthat 0 <y < 1if

ZP'(Z)
Re(P(Z) ) >y, forallze U

Definition (ii): A function p€ A4 is said to be convex function
of order y,suchthat 0 <y < 1if

2P '(2)
Re(l-{-m) >y, Z€E U
Definition (iii): A function pe A is said to be close to convex
function of order y, such that 0 <y < 1 if

Re(’;p(fl)) >y, forallze U Definition  (iv):

(subordinate principle) For two functions p
and g analytic in U, we say that the function p(z) is
subordinate to q(2) in U and write

ppaorp@)pa@ (zeU)
with w(0) =0 and |w(z)l| <1 (z € U) Suchthat

f@)=9(w(2)) (2€0V)

In particular, if the function g is univalent in U the above
subordination is equivalent to
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p(0)=q(0) and p(U)<=q(V)

Definition (v): A function p(z)€e A is in the class
H(a,,u, A, A, B) which satisfies

2&71
— @ I p M poro<e<1, 0sA<p<1,
(A-a)u+ar —AZZ;(—(ZZ)) 1+Bz
-1<B<A<1 (1.2)

2. BASIC PROPERTIES FOR THE
CLASS
H(a,,u A, A B)

Theorem (I):A function p(z) = z+Y7 ,a,z" is in
H(a,,u, A, A, B) ifand only if

Z[(n -1) - ((1 —a)u+al+ /ln)(A +1)

" +(n+1B]a,
<A+D(A-p+ar—2) (1.3)
Proof: Suppose p(z)e H(a,,u, A, A, B)

Therefore from equation (1.2) we have

P @
_ z p(2) -1 1+Az
f(Z) = (—a) PO 1+Bz
@utad =z
1+A
f(z) = o @
1+Bw (z)

fZ)[1+ Bw(z)] =1+ Aw(2)

w(2)[Bf(2) — Al =1 - f(2)

f(z)-1
A-Bf (2)

w(z) =

lw(z)| <1

fz)-1
A-Bf (2)

P @
[ e ]_1
_ 2@
(1—a)p+ar Azp(z)
p (@)
1o
p (2)

(1—-a)u+ai —Azm

<1

A-B
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| 20 @)—p(@)—p @{(A—)u+ar}+izp (2)
Ap@D{((1~a)p+aa}~Adzp' (z)~Bzp' (2)+Bp (2)

Now

p(2) = 2+X7 -2 anz"

w zp (2) =2+35_, agnz"

= zp (2) —p(@) — p(@D{((A — p + aA} + Azp' (2)
=Yy apnzt — 2 - Y7 a2 -

(z+ X5 anz"){((1 — a)p + ad}+ Az + X7, a, Anz"
=¥ on—1- (1 -a)u+at) + An]a,z"-

[((1 —a)u+ af/l) - /1]2
And

Ap(D{((1 — ) + a2} — Adzp' (2) — Bzp' (2) + Bp(2)

=A(z + X7 an z"){((1 — u + ar} — AA(z +
n=2coannzn-

B(Z + Z;?:Z annzn)+B(Z + 2:?:2 anzn)
=37_,[A((1 — )p + ad — an) — B(n + D]a,z"
+A[(1—a)u+ ar — 1]z

. | Soo[n—1—((1—a)u+ar)+in]a, z"—[(A1—a)u+ar)—1]z |< 1
” |Z;‘L°:2[A((1—a)u+0M—An)—B(n+1)]anz"+A[((1—a)u+0d—A]zl

Since Re(z)<|z|.After choosing the values of z on real axis
and letting z— 1 we get

* o n—1-((1-ap+ad) + in]a, — [(Q1 —)u+
al—A<n=2c0A41—au+al—in—FLn+Ilan

+A[(1—a)u+ar— 1]

Z[(n -1 - ((1 —au+ al+ An)(A +1)
" + (n+1)B]a,
<A+D(A-au+ar—2)
Corollary (1): If p ()€ H(a,,u, 4, A, B) then

< (A+1D)((1—a)u+ar—2)
n = [-D-(A-a)u+ar+in)(A+1)+(n+1)B]

(1.4)

And the equality holds for

. A+D(A—a)u+ar—1) n
p(Z) =z [(n—1)—((1—(1);4+al+ln)(A+1)+(n+1)B] z

Theorem (1): If p(z) € H(a,,p, A, A, B) then

(1.5)

(A+1)((1—a)u +al —l)

2
lz| + 127 [1-(A-a)u+ar+21)(A+1)+3B]

< lp(2)|

2 | (A+1)((1—a)/,t +ald —/1)
[1-(Q-a)u+ar+21)(A+1)+3B]

<|z| -z (1.6)

Proof: p(z)€ H(a,,u, A, A,B) Therefore from theorem(l)

© oo (A+1)((1—a)u+al—l)
n=2"n = [(-1D~(1-a)p+ad +in)(A+1)+n+1)B]

p(Z) = Z+Z$10=2 anzn

()| = 121+ 1271 ) [a]
n=2

(A+1)((1—oc)u +ar—2)

2
()] 2 |zl + |z |[1—((1—a)u+rx/1+ZA)(A+1)+3B]

And
) (A+1)((1—rx)u+oc/1—/1)
lp@) < lz| - |z |[1—((1—a)u+a/1+2/1)(A+1)+3B]
Therefore
A+D(A-a)p+at—2
2] + 12| (ol ) - p()]

[1-(A-a)u+ar+22)(A+1)+3B] —

1.2 (A+1)((1—a)u+aﬂ—l)
<lzl =1z |[1—((1—a)u+aa+zz)(A+1)+3B]

Theorem (111): If p(z) € H(a,,u, 1, A, B) then

2(A+1D((1—a)pu+ar—2)

1-(A-a)p+ar+21)(A+1)+3B| < lp @I

1+|Z|[

2(A+D((1—a)u+ar—2)
1-(A-a)u+ar+21)(A+1)+3B]

<1-lzl; 1.7)

Proof: p(z)€ H(a,,u, A, A, B) Therefore from theorem (1)

A+D(A-a)u+ar—1)
(n—l)—((l—a)u +al +An)(A+1)+(n+1)B]

2‘?1():2 an =< [
Now, p(z) =z+Y5_, a,z"
p (2) =1+¥7_; aynz"

P ()] 2 1+202] ) lag| 2
n=2

2(A+1D)((1—a)u+ar-21)
(A—a)u+ad+21)(A+1)+3B]

1+ |z| =

And

@ <1-221 ) la,l <
n=2

2(A+1)((1—a)u+ar-21)
(1—a)pu+ar+21)(A+1)+3B]

1- |Z| [1_

Therefore

2(A+1D)((1—a)u+ad—21) < |p,(Z)|

141z [1-(Q-a)u+ar+22)(A+1)+3B] —

1_5)2(A +1)((1—a)u+ar—2)
[1-(A-a)p+ar+21)(A+1)+3B|

Sl—lz‘

Theorem (1V):Suppose the function p(z) is defined by (i) is
in the class then p(z) is starlike of order y,such that0 <y < 1
in [x| < Ry where

1

R, = inf {( 1-y )([(n—l)—((l—a)y+aA+An)(A+1)+(n+1)B])}E
17 n \n—2+y A+D((A-a)u+ai—1)

(1.8)
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Proof: We must show that

(@) _ _
re 1 <1-y (1.9)

. |Zrea(i=Da, 2" _
' Z4+Y Az <1 4
Lo = Diagllzl™ < 1 =)zl + Xrzslan llzI™)
n—2(m = Dlayllz* — (1 = y)EF-zlanllz™)
< 1-»le
0 2
ot a2l < 1 1)

From Theorem (1) we have
o [(n - ((1 a)u+a/’l+/1n)(A+1)+(n+1)B]
n=2 A+D(A-a)p+ar—1)
Hence by using (2.1) and (2.2) we get
(n— 2+y)| |n 1 < [(nfl)f((lfa)u+a/1+ln)(A+1)+(n+1)B]
1-y) A+D(A-a)p+ar—2)

a, <1 2.2)

n-1 1—y [(n-1)—((1—a)u+ad +1n)(A+1)+(n+1)B]
2"t < ()
n—2+y A+D(A-a)p+ar—2)

1

-1
Iz| < <( 1-y )([(nfl)f((lfa)u+al+ln)(A+1)+(n+1)B]))

n—2+y (A+1)((17a)/1+a/171)

This completes the proof.

Now, Since p is convex iff Zp' is starlike, then we have
Theorem (V): Suppose the function p(z) is defined by (i) is in
the class then p(z) is convex of order y,suchthat 0 <y < 1

in |z| < R, where

1
Rz _ inf {( 1—-y ) ([(n—l)—((l—(x)u+001+}\n)(A+1)+(n+1)B])}ﬁ

n n(n—2+y) (A+1)((1—a)u+a}\—}\)
(2.3)
Proof: We must show that
zp” (2) _ 2.4
%) 4 (2:4)

ez n(n — Da,z" !

14 Y% ,na,zn 1

<l-y

Lian = Dla,yllzl*™ < (1 - A+ Z7;nlayllz*™)

Tnoan(n = DlayllzI" ™! = (1 = ) Eiz nla,llz*)

n(n—2+y)

oy lanllzl"” ! (2.5)

<(1_V)Zn =2

From Theorem (1) we have

0 [(n - ((1 a)u+al+ln)(A+1)+(n+1)B]
n=2 A+D(A—a)p+ai—1) an

<1 (2.6)

Hence by using (2.5) and (2.6) we get

n(n— 2+y)|Z|n -1 < [(n—l)—((l—a)u+al+An)(A+1)+(n+1)B’]
a-y) A+D(A-a)p+ar—1)

-1 1-y [(n—l)—((l—a)u+al+An)(A+1)+(n+1)B]
[z|*t < ( )
n(n-2+y) (A+1)((1—a);1+0d—l)

1
n-1
Iz|s<( 1—y )([(n—1)—((1—a)y+a)1+An)(A+1)+(n+1)B])>

n(n-2+y) A+D((1—a)u+ar—21)

Which complete the proof.

Theorem (V1): Suppose the function p(z) is defined by (i) is
in the class then p(z) is close to convex of order y,such that
0<y<1in|x| <R3;where

1
R. = inf (1—y)[(n—1)—((1—a);4+oc/1+An)(A+1)+(n+1)B] n-1
3 n n(A+l)((l—oc)u+rx/1—/1)

2.7)
Proof:It is sufficient to show that [p' (z) = 1| < 1 —y
0<y<1),lz| <R3
Thus |p'(z) — 1| — X%, na, z" 7Y < X2, na, |z|* !
! _ i o (M -1
'@ -1 <1-yif T, () el <1
(2.8)

Bue theorem (1) confirms that

© [(n—l)—((l—a)u+aﬂ+An)(A+1)+(n+1)B]
Lr=2 @A) (A—ap+ai—2) an <1

Hence (2.8) will be true if

( )|Z|n 1< [n-D-(1-)u+ad +n)(A+1)+(n+1)B]
1-y A+1)(A-a)u+al—1)

1
. (1—y)[(n—1)—((1—a)u+aa+An)<A+1)+<n+1)Bl);
Orif |Z| < ( n(A+1)((1—a)u+al—1)
(n=2) 2.9)

3. WEIGHTED MEAN, ARITHMETIC

MEAN AND LINEAR COMBINATION
Resently, W. G. Asthan, H.D. Mustafa and E.K. Mouajeeb [2]
proved Weighted Mean, Arithmetic Mean and Linear
Combination of regular function.

Definition (vi): Let p, g€ED(A,B,3) then the weighted mean
Wy of p and q is defined as

pa = % [(1-=m)p(2) + (1 +m)q(2)], 0<m<1 (3.1)

Definition(vii): Let f;(2)= z>-Xi- 14p a; 2%, i =123
be the function in the class D(A,B,d)

Then the arithmetic mean of f; (i=1,2,3.....,m is defined by
1

9@)=- S i () (32)

Theorem (VII): Letp, g€ H(a,,u, 1,4, B) .Then the

weighted mean w,, of p and g is also in the class
H(a,,u, 1, A, B).

Proof: By definition 3.1 we have

Woq =5 [(1 = m)p(2) + (1 + m)q(2)], 0<m<1

=21 = m)(z + T7p a,z") + (1 +m)(z + Ty byz")]
=z+Yy% —25 [(1 m)a, + (1 +m)b,] z"

Since, g€ H(a,, i, A, A, B) so by theorem | we have

;0:2[(” -D-(1-p+al+n)(A+1)+
n+1Ban<A+11—au+ai—A And
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;‘f’zz[(n -1) - ((1 —a)u+ al + An)(A +1)+
n+18bn<A+11—ayu+ai—A Therefore
Z;‘{;Z[(n -D-(1-ap+al+n)(A+1)+
(n+ DB 310 = ma, + (1 +mb, )| =11 -
m)T¥ro[n-D—-(A-p+ar+n)A+1)+
(n+ DBa,+ (1 +m) TZ,[(n - 1) — (1 - )+ ad +
n)(A+ 1) + (n+ 1B]b,
< %(1 -m)A+D(1-au+al—2)

+%(1 +m)A+D(A-a)p+al—2)

=4+ 1)((1—a)u+a/1—/1)

Therefore wy,, € H(a,, 1, 4,4, B)

Hence the proof of theorem is completed.

Theorem(VIII):Let p;(2) =z + X5 a; 2", 1= 1,2,3,------ m
be the functions in the class H(a,, 1, 1, A, B)

Then the arithmetic mean of p; (i=1,2,3,------- m) is defined by
g(z):% . pi(2) is also in the class H(a,, u, 1, A, B).

Proof: Since p;(z) =z + Yy a; 2", 1 = 1,2,3,------ m
Therefore
1
g9(2) = ;2?1:1 pi(2) (3.3)

=% "z + Iy ainzt)

1
=243, (Z 20 4y ) 2"

We have p;(z) = z +X7-2a;,2", i = 1, 2,3,-—---- ,m. So by
theorem 2.1 we have

[«

Z[(n -1 - ((1 — a)u+a/1+ln)(A +1)

n=2
+(n+1B] (%Z ai,n>

i=1
1 m [o)
=— [(n—1)—((1—a)u+al+/1n)(A+1)
mizl<n—2

+(n+ 1)B]ai,n>

< % i ((A + 1)((1 —a)u+al— A)):(A +

11—au+al—A1

Hence the proof of the theorem is completed.

Theorem (IX): Let p;(z) =z + Y-y a;n2", 1=1,2,3,------ m
be the functions in the class H(«,, 1, 1, A, B)

then the linear combination of p; (i=1,2 ,3,------- m) is defined
by
G (2)= XiZ1 nipi(2) where XiZyn; = 1 3.4)

is also in the class H(a,, u, A, A, B).

Proof: Let p;(z) =z + Xp—p a; 2", 1 =123, ,m be the
functions in the class H(a,,u, 1, A, B)

So by theorem | we have
fzz[(n -1) - ((1 —a)u+ al + An)(A +1)+
nt+1Bain<A+1
G(2)=2i% upi(2)
G@) =Y ni(z + 2oy a,,2")
G(2) = 2+, (T i ) 2"
So by theorem (1) we have

Z;‘l‘;z[(n -D-(0-u+ar+ An)(A + 1)+
n+1Fi=1mniain

=YL (Z;?:z[(n -1 - ((1 —au+al+ An)(A +1)+

n+1Lain<i=I1mnid+11—au+ail—A1

=+ 1)((1 —a)u+ al —/1)
Hence the proof of the theorem is completed.

4. APPLICATION OF FRACTIONAL
CALCULUS AND ITS CERTAIN
PROPERTIES

Various operators of fractional calculus have been studied in
the literature rather extensively. We recall the following
definitions.

Definition: The integral operator studied by Bernardi is
Lelp] = S5 7 fx "t dx

Theorem (X): If pe H(a,,u, A, A, B) then L.[p] is also in the
class H(a,,u, A, A, B)

Proof: Let p(z) = z+)7_, a, z" then

L, [p] =

: Jy G+ Ty apx™)xc~t dx

I S A o _1 n+c)z]
- [(1+cx + n=23 3¢ ¥ 0 (35)

ZC
1+c
=z+ Yy ,—a,z"
Zn_2n+c n

f 1+
Since ¢>-1, n> 2 then ﬁ < 1 s0 we have

w [(=D-(A-a)p+ar+in)(A+1)+(n+1)B] (ﬂ)
n=2 A+D(A—a)u+ar-21) n

n+c

[(n—l)—((l—a)y+0d +Ain )(A+1)+(n+1)B] a
A+D(A—a)p+ar-21)

Therefore L.[p] € H(a,,u,A, A, B)

L) Yl

2 <1

Theorem (X1): Let pe H(a,, u, A, A, B) then for every z= 0
then the function

L, [z]= (1-x) p(z)+xfoz f(y—y)dy is also in the class
H(a,,u, 1, A, B).

Proof: L,[z]= (1-)(z + Xy, a,z") +XJ; Hz;ﬁy—za"yn dy
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= 2-X2 A7 Ay 2" Xy XAn 2" X2 + Yy A = 2"
=2+30, (1-x+2%) a2z (3.6)
Since (1 —x+ E) < 1.Therefore we have

w [a-D—(A-0u+ar+in)A+D)+n+DB](1-x+%)
n=2 A+ (A-a)u+ar—2) n

By Theorem (i) we have L, [z] € H(a,,u, A, A, B).
5. CONCLUSION

We have obtained the coefficient estimates, growth and
distortion theorem, radii of close to convexity, star likeness
and convexity, closure theorem, weighted mean, arithmetic
mean, linear combination and showed all the results are sharp.
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